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From a model-building perspective, the inflationary sector might very well have no direct couplings
to other species, apart from inevitable gravitational interactions. In such a case, a thermal universe
can still emerge after inflation if: i) some radiation sector is excited towards the end of inflation,
and ii) the post-inflationary equation of state becomes sufficiently stiff w ≥ wRD & 0.57, with wRD
a threshold depending on the inflationary scale H∗ and the initial radiation-to-inflaton energy ratio
∆∗. Furthermore, a stiff period in the expansion history enhances significantly the inflationary
gravitational wave (GW) spectrum, making this signal (potentially) observable by aLIGO, LISA
and other GW observatories. The very same enhancement leads however to an inconsistency of the
scenario: the energy of the GWs becomes too large compared to the rest of the radiation sector,
violating standard BBN and CMB bounds on GW backgrounds. Except for unappealing initial
radiation sectors, our result is independent of w, H∗ and ∆∗, suggesting that in order to reheat the
universe, the inflationary sector must necessarily be coupled directly to other particle species.
PACS numbers:
I. INTRODUCTION
Compelling evidences support the idea that the Uni-
verse underwent an early phase of accelerated expansion
called inflation [1]. As the specific particle physics ‘em-
bedding’ of inflation is unknown, inflation is typically
described in terms of a singlet scalar field, the inflaton,
with potential and initial conditions appropriately cho-
sen. In order to switch to the standard hot Big Bang
cosmology after inflation, the inflaton energy must be
converted into radiation degrees of freedom (dof), which
eventually thermalize and dominate the energy budget
of the Universe. This transition process is known as
reheating.
Though the reheating process has not yet been probed
observationally, we know that the radiation domination
(RD) epoch must begin before the onset of Big Bang Nu-
cleosynthesis (BBN). In general, the details of reheating
depend on the choice of inflationary model (e.g. the in-
flaton potential) and on the inflaton couplings to other
matter sectors. Thus, in a given scenario, one typically
invokes the need for having such coupling(s) and even
determine some of their properties (e.g. their strength)
based on the need to reheat successfully the Universe be-
fore BBN.
If the inflaton has sufficiently large couplings to other
species, the initial stages following after inflation are typ-
ically characterized by non-perturbative particle produc-
tion phenomena, which dominate over inflaton perturba-
tive decays. This is known as the preheating stage. Var-
ious mechanisms of preheating, tailored for different in-
flationary models and coupling constructions, have been
investigated in detail in the past, from parametric reso-
nance [2–4], spinodal instabilities [5, 6] and instant pre-
heating [7, 8] of scalar fields, to parametric excitation of
fermions [9–11] and non-perturbative excitation mecha-
nisms of gauge fields [12–16]. For reviews on preheating
and exhaustive lists of references, see [17, 18].
A reheating mechanism that deserves a class of its own
is gravitational reheating, originally proposed in [19],
see also [20]. In this construction, the inflaton couples to
gravity but has no direct coupling to any matter sec-
tor. Two ingredients are needed for this scenario to
work: i) some light dof need to be excited either dur-
ing inflation or towards the end of it, due to their grav-
itational coupling, and ii) the equation of state (EoS)
w of the inflaton must become stiff subsequently after
inflation, i.e. 1/3 < w ≤ 1. Actually, in order reheat
before BBN, the EoS must become at least as large as
w & 0.57, as we will show. In general, by the end of
inflation, the energy density of the radiation produced
gravitationally is typically too small compared to the
energy density of the inflaton. Nevertheless, thanks to
requirement ii), the energy density of the inflaton will
decrease faster with the expansion of the universe than
the initially subdominant energy density of the radiation
sector. Hence, eventually the radiation will become the
dominant energy component of the Universe, and once it
has thermalized, the desired initial condition for the hot
Big Bang thermal era is obtained: a universe dominated
by relativistic species in thermal equilibrium. Different
implementations of an early stiff era and its cosmological
consequences (related or not to gravitational reheating),
can be found e.g. in [21–25], or more recently in [26–30].
During inflation, quantum fluctuations inevitably give
rise to a (quasi-)scale-invariant spectrum of tensor met-
ric perturbations at super-Hubble scales. During the
evolution of the Universe after inflation, when the ten-
sor modes cross inside the Hubble radius during the RD
stage, they become a stochastic background of gravita-
tional waves (GWs) with a (quasi-)scale invariant en-
ergy density spectrum. It is however well known that if
there is an early stiff era before RD, as required precisely
in gravitational reheating, the (quasi-)scale invariance is
broken and the GW spectrum becomes significantly blue
tilted in the frequency range corresponding to the modes
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2crossing the horizon during the stiff period [24, 31–39]. In
this case, the amplitude of the inflationary tensor power
spectrum becomes considerably enhanced relative to the
amplitude in the standard case where the universe is as-
sumed to become RD right after the end of inflation.
In this paper, we will show that a standard implemen-
tation of gravitational reheating is actually inconsistent,
as it is in flagrant contradiction with basic cosmologi-
cal constraints. The logic is the following. As it is well
known, in order for BBN to proceed successfully, the en-
ergy budget of the Universe must not comprise a signifi-
cant amount of extra relativistic species, including GWs.
This condition, known as the BBN bound on stochas-
tic GW backgrounds, requires that the energy fraction
of GWs to Standard Model (SM) radiation dof in that
moment must not be larger than ∼ 10% [39]. We arrive
however at the striking result that when the Universe be-
comes RD at the end of the stiff era (before BBN), the
energy budget of the Universe is dominated by GWs, and
not by the radiation component excited towards the end
of inflation, in clear contradiction with the above bound.
The problem becomes even more severe when consid-
ering the upper bound on stochastic GW backgrounds
from the Cosmic Microwave Background (CMB), which
requires the fraction of energy density of GWs to SM ra-
diation dof to be no larger than ∼ 1% [39–41]. As we will
show, our result is independent of the parameter space,
i.e. independent of the inflationary Hubble rate and of
the value of the stiff EoS after inflation.
From now on, mp = 1√
8piG
' 2.44 · 1018 GeV is the re-
duced Planck mass, a(t) is the scale factor, t is the con-
formal time, and we use Friedman-Lemaˆıtre-Roberson-
Walker (FLRW) metric ds2 = a2(t)ηµνdx
µdxν . A sub-
script ∗ denotes evaluation at the end of inflation.
II. GRAVITATIONAL REHEATING
Let us consider a scalar field inflaton φ which does not
interact with any other matter field, unless gravitation-
ally. We simply demand that the inflaton potential V (φ)
is engineered to sustain a (quasi-)de Sitter stage of in-
flation in the early Universe, but we will not specify the
form of the potential that achieves this goal. Since after
inflation the expansion of the universe must be eventu-
ally driven by a plasma of relativistic species with large
thermal energy density, such particles must somehow be
excited out of the energy available in the inflationary sec-
tor. As we will see, such excitation is possible because
of their gravitational coupling to the inflationary sector.
However, it is well known that this process is highly in-
efficient. The energy density of the radiation that can be
produced this way is typically much less than the energy
stored in the inflationary sector at the end of inflation. In
order to reheat successfully, this energy hierarchy needs
to be inverted, meaning that a mechanism for amplifying
the energy density fraction of the produced radiation is
required. In the gravitational reheating scenario, where
inflation is immediately followed by a stiff epoch, the
amplification occurs naturally as the energy density of
radiation scales down more slowly than that of a stiff
fluid. Thus, it is merely a matter of time that the energy
hierarchy will be inverted.
A. Initial particle production
The radiation sector may, in principle, comprise of
fields of any spin. That being said, it is well known
that only massless or sufficiently light scalar (spin 0) and
tensor (spin 2) dof are amplified during inflation1 due
to their gravitational couplings to the (quasi-) de Sitter
background. Other dof such as massless fermions, grav-
itinos, and gauge fields do not get excited, as they are
conformally invariant [42].
Scalar fields non-minimally coupled to gravity (with
non-conformal coupling) can also be excited towards the
end of inflation if the background curvature changes suffi-
ciently fast. Using standard techniques of quantum field
theory in time dependent backgrounds, as originally dis-
cussed in [19, 20], it can be shown that a scalar field with
a non-minimal coupling to gravity of the form 12ξϕ
2R
can be largely excited towards the end of inflation. This
happens when the curvature R changes sufficiently fast
(non-adiabatically) during the transition from inflation
to the power-law regime following afterwards. Ford [19]
calculated the energy density of the created species in
the limit of nearly conformal coupling |1− 6ξ|  1, and
found
ρrad ∼ 10−2(1− 6ξ)2H4∗ , (1)
where H∗ is the Hubble rate at the end of inflation, and
the prefactor (1 − 6ξ)2 [implicitly assumed to be small
 1] correctly exhibits the absence of particle creation
if the coupling is conformal ξ = 16 . This result was later
generalized to other coupling values satisfying |1− 6ξ| .
1, obtaining [43]
ρrad ∼ 10−2H4∗ , (2)
which naturally replaces the factor (1 − 6ξ)2 present in
the nearly conformal case by some value of order unity.
If ξ  1, however, the energy of the excited species is
suppressed by the large coupling [44], and hence we will
not consider this case from now on.
In the case where there are several species, sayN1 fields
with non-minimal couplings restrained to |6ξ − 1| ∼ 1,
and N2 almost conformally coupled fields with |1−6ξ| 
1 Here were are assuming that gravity is described by general rel-
ativity. Metric vector perturbations are actually excited as well
during inflation, but, unlike scalar and tensor dof , they decay
promptly.
31, the total amount of energy stored in all these fields at
the end of inflation would read
ρrad ∼ 10−2H4∗
(
N1 +
N2∑
i=1
(1− 6ξi)2
)
. (3)
If N1  1 then most likely the contribution from the
first term would dominate over the second contribution.
However, requiring such a large number of fields to have
non-minimal couplings tuned to |6ξ − 1| ∼ 1 seems un-
appealing, as we will comment further in Section II C.
In addition to non-adiabatic production of particles,
spectator scalar fields with potential V = 12m
2ϕ2 and
mass m2  H2∗ , i.e. free light scalar dof , can also be
excited during inflation out of initially sub-Hubble quan-
tum fluctuations. By the end of inflation, these fields
would have accumulated an energy density of the order
of
ρrad ∼ 10−2H4∗ ×∆N
Nf∑
i
(
mi
H∗
)2
, (4)
where ∆N represents the total number of e-folds during
inflation, Nf the total number of these spectator fields,
and mi their masses. In general, unless the masses are
tuned to 1/
√
∆N . mi/H∗ . 1, we expect the fac-
tor ∆N
∑Nf
i (mi/H∗)
2 to be  1, modulo a possible
enhancement linear in the number of fields. It is how-
ever not particularly motivated to assume the existence
of many such free fields with a large mass, completely
decoupled from other dof . Hence, we rather expect in
general to have ρrad  10−2H4∗ . In the presence of a
self-interaction potential V = λ4ϕ
4, the fields would still
accumulate a total energy density by the end of inflation
ρrad ∼ Nsi × 10−2H4∗ , (5)
where Nsi is the total number of such fields. A natural
example of such a self-interacting spectator field (and ac-
tually one that we know for certain to exist) is the Higgs
field of the Standard Model [27, 45–47]. Notice that
Eq. (5) is actually independent of the self-couplings λ of
these fields. The reason is that during inflation the self-
interaction of each of these fields provides a dynamical
mass m2ϕ ∼ λ〈ϕ2〉. The mass would grow until an equi-
librium distribution of the field fluctuations is achieved,
that is, when the condition λϕ4 ∼ H4∗ is satisfied [48].
Then the distribution is preserved during the remaining
e-folds of inflation, and hence the energy density of the
field is V ∼ λϕ4 ∼ H4∗ , which is independent of λ.
In summary, whenever light scalar dof that are free,
self-interacting, and/or non-minimally coupled to grav-
ity, exist during inflation, it is natural to expect that
they will be excited with a total energy density at the
end of inflation, which can be parametrized as
ρrad = δ × 10−2H4∗ , (6)
with δ a dimension-less number characterizing the spe-
cific details of a given case. Based on the preceding dis-
cussions, we typically expect δ  1 or at most δ . 1. As
we will explain in Sect. II C, even though it is possible to
conceive scenarios with δ  1, they correspond to ad hoc
constructions requiring the presence of hundreds of fields
during inflation, with couplings appropriately tuned. We
will therefore consider δ ≤ 1 as a canonical range.
It is remarkable that even though the energy density
in Eq. (6) can be rather large for high energy models of
inflation, it is still very subdominant compared to the
energy density in the inflationary sector at the end of
inflation,
∆∗ ≡ ρrad
3m2pH
2∗
=
δ
300
(
H∗
mp
)2
(7)
∼ δ · 10−12 ×
(
H∗
Hmax
)2
 1 ,
where in the second line we have normalized H∗ to the
current upper bound on the inflationary scale
Hmax ' 6.6 · 1013 GeV , (8)
as set by the most recent measurement of the B-mode
polarization anisotropies of the CMB [1, 49], see discus-
sion below Eq. (25). Let us note that Eq. (8) indicates
the energy scale when the CMB scales left the Hubble
radius during inflation, 50-60 efoldings before the end of
inflation. In the case of slow-roll inflation, the Hubble
rate during inflation is not constant but decreasing very
slowly −H˙/H2 '  1. This implies that H∗ at the end
of inflation can only be smaller than Hmax. Therefore,
our normalization in Eq. (7) is actually conservative, and
we rather expect typically ∆∗ < δ · 10−12.
B. Inverting the energy hierarchy
By definition, inflation occurs when the equation of
state (EoS) w satisfies w < −1/3. The EoS in the epoch
after inflation must fall in the range −1/3 < w < 1, and
even though it is common to assume that 0 ≤ w ≤ 1/3,
there is a priori no reason (theoretical or observational)
to exclude the stiff case 1/3 < w < 1. In fact, a post-
inflationary period with a stiff EoS can be realized easily
in a generic model of inflation. For example, in scalar
singlet driven inflation, the slow-roll condition is achieved
by simply demanding V  K, where V and K are the
inflaton potential and kinetic energy densities. Inflation
ends when the potential drops to V < K/2. If a feature
in the inflaton potential allows its value V to drop much
below the kinetic energy K, the EoS can become stiff
after inflation, w = (K − V )/(K + V ) > 1/3.
The simplest realization of this Kination-dominated
(KD) regime is to assume a rapid transition of the po-
tential from V  K during inflation to some small value
V  K after inflation. The transition would actually
trigger itself the end of inflation, leading to a post-
inflationary EoS w ' 1 − O(V/K). In general we expect
that the EoS can approach unity from below, but never
4achieve w = 1 exactly, as this would require an exactly
flat direction with V = 0. A natural scenario where infla-
tion is followed by a KD phase is that of Quintessential-
Inflation [23], where the inflaton potential V (φ) is en-
gineered so that the necessary transition occurs at the
end of inflation, and the potential is also adjusted to de-
scribe the observed dark energy as a quintessence field,
see e.g. [50–57] for different proposals. An alternative
scenario where a phase of KD follows after inflation, is ob-
tained when the inflaton potential is of the form V ∝ φ2n
after inflation, with n a large positive integer. This leads
to fast inflaton oscillation after inflation, where the ki-
netic energy dominates on average (per oscillation) over
the potential energy. An effective (oscillation averaged)
EoS w ' (n − 1)/(n + 1) emerges, which exhibits stiff
values for n ≥ 3 [58]. Like in the previous case, we also
expect that the post-inflationary EoS can approach unity
only from below, as achieving w = 1 exactly would re-
quire n→∞.
For our purpose, the details of the KD phase imple-
mentation within the inflationary sector are actually ir-
relevant. Hence, from now on we will rather focus on
the phenomenology of KD, simply assuming that there is
such a phase following the end of inflation. The energy
density of the inflationary sector evolves therefore, af-
ter inflation, as ρInf = 3m2pH
2
∗(a∗/a)
3(w¯+1), where w¯ is the
effective (logarithmic-averaged) value of the EoS during
the stiff period, spanning from the end of inflation un-
til the moment when the universe first becomes RD2.
Also, we note that all particle production examples dis-
cussed in Sect. II A are excitations of relativistic dof ,
and hence their energy density scales after inflation as
ρrad = 3m
2
pH
2
∗∆∗(a∗/a)
4. Therefore, the ratio of the en-
ergy density of the radiation species to that of the inflaton
evolves as
∆(t) ≡ ρrad
ρInf
= ∆∗
(
a
a∗
)3w¯−1
, (9)
where recall that ∆∗  1 [c.f. Eq. (7)] represents the
initial ratio of the radiation fields’ energy density to that
of the inflaton. If w ≤ 1/3, either ∆(t) remains as small as
∆∗ (w¯ = 1/3), or decrease even further as ∝ (a/a∗)−(1−3w¯)
(0 ≤ w¯ < 1/3). However, for a stiff EoS 1/3 < w¯ < 1,
∆(t) grows as ∝ (a/a∗)(3w¯−1). Despite starting from a
very small value, ∆(t∗) = ∆∗  1, for a stiff EoS there
is always a time tRD for which ∆(t ≥ tRD) ≥ 1. Thus,
after t = tRD the energy budget of the universe becomes
dominated by the radiation sector.
Setting the conformal time at the end of inflation to
zero, t∗ = 0, the scale factor evolves deep inside the Stiff
2 In general the EoS is determined by the inflaton potential and
it is a function of time. However we expect it to change only
adiabatically during KD, and in any case we can always describe
the scaling of the energy density in terms of an effective average
EoS log(ρrad/ρ
∗
rad) = −3
∫
da
a
(1 +w(a)) ≡ −3(1 + w¯) log(a/a∗).
epoch as
a(t) = a∗
(
1 +
1
α
a∗H∗t
)α
, α ≡ 2
1 + 3w¯
, (10)
with α ranging from 1 (w¯ = 1/3) to 1/2 (w¯ = 1). By
construction 1 = ∆∗(aRD/a∗)3w¯−1, and hence aRD/a∗ =
∆
− 1
3w¯−1∗ = ∆
− α
2(1−α)
∗ . Using aRD/a∗ ' α−α(a∗H∗t)α for
t 1/(a∗H∗), we then obtain
tRD ' α∆
− 1
2(1−α)
∗ (a∗H∗)−1 (11)
' α
(
1012
δ
) 1
2(1−α) ( H∗
Hmax
)− 1
(1−α)
(a∗H∗)−1 .
To get an idea of the order of magnitude of this scale, let
us compute its lower bound for δ = 1. Plugging H∗ '
Hmax and w¯ ' 1, we obtain
tRD ≥ 5 · 1011 (a∗H∗)−1 , (12)
which represents a much longer timescale than the initial
conformal Hubble time (a∗H∗)−1.
If the radiation species are already in thermal equilib-
rium when its energy dominance begins, we can compute
the temperature TRD of the system at t = tRD. Using
ρRD(tRD) ≡ pi230 gRDT 4RD = 3m2pH2∗∆∗(a∗/aRD)4, we find
TRD ' 4.24
g
1/4
RD
· 1018
(
δ
300
) 1+α
4(1−α)
(
H∗
mp
) 1
(1−α)
GeV, (13)
with gRD the number of thermal radiation dof at tRD.
The temperature TRD [Eq. (13)] can therefore be identi-
fied as the reheating temperature, i.e. the highest tem-
perature reached by the thermal plasma when it first
dominates the energy budget of the Universe. For w¯ ' 1,
H∗ ' Hmax∗ and δ = 1, we obtain a maximum reheating
temperature of
TRD ∼ 107 GeV (w¯ ' 1, H∗ = Hmax, δ = 1) , (14)
So, in general, we expect TRD < 10
7 GeV.
C. Minimal requisites
Though not always discussed in the literature, the
process just described is a viable reheating mechanism
only if certain non-trivial conditions are met:
1) Ensuring thermal equilibrium before BBN -. If
the radiation fields interact among themselves, say
via gauge interactions, the initially out-of-equilibrium
distributions will naturally evolve towards thermal
equilibrium. The equilibration time in a gauge theory
can be estimated as τth ∼ 1/(α2Tth), where Tth is the
temperature of the system when thermal equilibrium is
first established, and α = g2/4pi is the relevant gauge
coupling. Using ρth = (gthpi
2/30)T 4th = 3m
2
pH
2
∗∆∗/a
4
th,
5Tth ∼ 1/α2τth and ath/a∗ ' (3H∗τth)1/3 (for simplicity
we consider w ' 1, δ = 1 and gthpi2/90 ∼ 1), we find
H∗τth ∼ 10/α3. For a gauge coupling with the strength
of the electroweak interactions of the Standard Model,
g2 ' 0.3, we obtain τth ∼ 106H−1∗ , which is much smaller
than τBBN ∼ H−1BBN ∼ mp/T 2BBN ∼ 1024 GeV−1, unless
H∗ is as tiny as H∗ . 10−18 GeV. While more elabo-
rated calculations of τth can be made, see e.g. [59–61],
the precise value of τth is irrelevant for the purpose of
reheating the universe into a radiation background, as
long as τth  τBBN.
2) Ensuring small inflaton fluctuations at the end of
inflation -. The inflaton may undergo a non-adiabatic
change in mass during the rapid transition from the
inflationary (quasi-)exponential expansion to the post-
inflationary power-law expansion. The inflaton fluctua-
tions generated during this transition may be a potential
threat to the gravitational reheating scenario. The ques-
tion is twofold: i) is the energy fraction of the inflaton
fluctuations larger than the energy fraction of the ra-
diations produced due to their non-minimal coupling to
gravity found in Eq. (7)? ii) Do the energy density of the
inflaton fluctuations scale slower than the radiation com-
ponent? If the answer to both questions is “yes” then the
energy of the inflaton fluctuations will forever dominate
over that of the non-minimally coupled field(s), since we
are assuming an isolated inflaton sector which cannot de-
cay into other non-inflationary dof . This would spoil the
goal of successfully reheating the Universe as we require
non-inflationary dof (which eventually lead to SM fields)
to dominate the energy budget of the Universe at some
point. Let us start with the first condition. In the fast
transition limit, the energy fraction of the inflaton fluctu-
ations immediately after the transition can be estimated
as [27]
ρdecayInf
3m2pH
2∗
∼ m
4
φ
3m2pH
2∗
∼ O(10−9)× η2φ
(
H∗
Hmax∗
)2
(15)
where m2φ = V
′′(φ) is the effective inflaton mass right
before the transition and ηφ ≡ m2φ/(3H2∗ ) < 1 is just a
number evaluated right before the transition. Comparing
this ratio to Eq. (7), we see that the inflaton fluctuations’
energy is always larger than the initial energy of the
radiation sector. This will be a serious problem if the
second condition mentioned above is also satisfied. Since
the fluctuations are only excited for k/a . mφ [27, 44],
the equation of motion of the inflaton fluctuations can be
written as ¨δφk+3(a˙/a) ˙δφk ' −V ′′(φ∗)δφk, where we are
neglecting the term (k2/a2)δφk. As we can see, the equa-
tion of motion obeyed by the fluctuation δφk is the same
as that obeyed by the condensate φ, which means that
the energy density of the velocity fluctuations decays
with the same KD scaling law as that of the background
field. For instance, if we take V ′′ = 0 (corresponding to
w¯ = 1) in the rhs of the above equation, the solution
to the velocity fluctuation reads ˙δφk ∝ 1/a3, and hence
〈(δφ˙)2〉 ∼ ∫ dkk2〈| ˙δφk|2〉 ∝ 1/a6. In general we expect
〈(δφ˙)2〉 ∼ ∫ dkk2〈| ˙δφk|2〉 ∝ 1/a3(1+w¯). This means that
the kinetic energy of the inflaton fluctuations can be
regarded as part of the energy budget of the inflaton
condensate, and hence the fact that the fraction Eq. (15)
is larger than Eq. (7) is actually irrelevant.
3) Ensuring the right cosmological perturbations -. As
we have seen, a sufficiently long period of KD allows the
non-inflationary radiation dof to eventually dominate
the energy density of the Universe. When this occurs,
at t = tRD, the radiation field(s) perturbations are
converted into adiabatic perturbations. This allows the
possibility of generating the cosmological perturbations
through the curvaton mechanism [62]. Suppose that the
radiation field perturbations were generated through a
field ϕ that is excited during inflation. The curvature
power spectrum generated by such field(s) is given by
Pζ ∼ 0.1δρ/〈ρ〉, with ρ and δρ the mean value and
the typical fluctuation amplitude of the field’s energy
density. For a single spectator field ϕ during inflation
with a quadradic potential we obtain a curvature
perturbation with power spectrum Pζ ∼ O(1), so this
case is strongly forbidden [63]. In the case of a quartic
potential, we obtain Pζ ∼ 0.1(δϕ)2/〈ϕ2〉 ∼ 0.01
√
λ,
where λ is the radiation field self-coupling. Unless λ is
greatly fine-tuned to λ ∼ 10−14 in order to explain the
observed perturbation amplitude Pobsζ ∼ 10−9, this case
is also ruled out. This conclusion certainly applies to
the the case of the SM Higgs, which is excluded as a
curvaton in gravitational reheating scenarios [27, 62], as
the Higgs self-coupling is expected to be of the order of
λ . 10−2 at high energy scales (assuming stability of the
SM Higgs potential). For the required small self-coupling
λ ∼ 10−14, the number of e-folds required for the field
to arrive at its equilibrium fluctuation is of the order of
∼ 1/√λ ∼ 107 e-folds, which makes the set-up somehow
contrived, as we only need ∼ 50-60 e-folds of inflation
to solve the horizon and flatness problems. In the case
where the radiation field(s) are excited towards the end
of inflation due to a non-minimal gravitational coupling,
the resulting field fluctuation are rather large, with the
spectrum peaked around the Hubble scale at the end of
inflation, power-law suppressed at super-horizon, and
exponentially suppressed at deep sub-horizon scales.
Hence, there is no problem in this case if we generate a
too large cosmological perturbations, as they only affect
very small scales. Furthermore, since the unavoidable
gravitational couplings between the inflaton and the
radiation field(s) mean that the inflaton perturbations
are preserved even after the inflaton energy density
becomes negligible at t > tRD [64, 65], the case of
non-minimally coupled fields excited towards the end of
inflation remains still observationally viable, provided
that the inflationary sector is chosen such that it
generates the observed perturbation spectrum.
64) Ensuring radiation domination before BBN -. In or-
der to preserve the success of BBN, we need the radiation
sector to dominate before the onset of BBN. In particu-
lar, using Eq. (13) and imposing the condition
TRD(w¯,H∗; δ) ≥ TBBN ' 1 MeV , (16)
we arrive at the condition
4.24
g
1/4
RD
· 1021
(
δ
300
) 1+α
4(1−α)
(
H∗
mp
) 1
(1−α)
≥ 1 , (17)
which implies that
w¯ ≥ wRD(H∗; δ) , (18)
with wRD(H∗; δ) a function of H∗ and δ, see Fig. 1. We
obtain this condition by considering the number of rel-
ativistic dof at the onset of BBN as gRD = gBBN '
2 + (7/8) · 2 · 3 · (4/11)4/3 ' 3.36. For instance, for
H∗ = Hmax and δ = 1, we have
w¯ ≥ wRD ' 0.57 , (δ = 1, H∗ = Hmax) . (19)
For a given value of δ, the lower bound wRD increases
as we decrease the inflationary Hubble rate H∗ < Hmax,
since the initial energy ratio 1/∆∗  1 to overcome
becomes larger. If we continually decrease H∗, we will
eventually hit wRD = 1, so that the corresponding
inflationary Hubble rate Hmin at that point is the
minimum value we can tolerate for a given δ. For
δ = 1, for example, we find Hmin ' 4 · 108 GeV.
If H∗ < Hmin, we can never enter the RD epoch
before the onset of BBN. When we decrease δ, wRD
increases, as we are increasing again the initial en-
ergy ratio 1/∆∗  1. See Fig. 1, where we plot wRD
as a function of H∗ for the three values δ = 10−4, 10−2, 1.
In summary, several properties must be met for gravi-
tational reheating to be a cosmologically viable scenario.
Whereas how fast the radiation fields thermalize [point
1) above] is a model dependent question, the equality of
the redshift rate of the energy density of the inflaton ve-
locity fluctuations and that of the background make the
former harmless [point 2)]. The requirement to produce
the right cosmological perturbations [point 3)] imposes
strict conditions on the properties of the radiation fields
that will eventually dominate the energy budget of the
Universe. Finally, ensuring that RD starts before BBN
[point 4)] imposes a severe restriction on the inflationary
sector, demanding wRD < w¯ < 1, so that the EoS after
inflation must be rather closer to 1 than to 1/3.
As a final remark, let us note that δ  1 is only pos-
sible if we assume the existence of a rather large number
of species forming the radiation sector. However, as ex-
plained in point 3), the characteristic coupling of each
species need to be tuned to very specific values in or-
der not to spoil currently observed properties of the cos-
mological perturbations. If the fields are excited during
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0.5
0.6
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FIG. 1: Coloured regions correspond to w¯ ≥ wRD. The bor-
ders of the regions depict wRD as a function of H∗ for the
three values δ = 0.001, 0.01, 1, respectively coloured in dark,
medium and light purple. The horizontal line near the bot-
tom marks w = 1/3 while the vertical dashed line marks
H∗ = Hmax∗ .
inflation out of quantum vacuum fluctuations, free light
massive dof are ruled out, whereas self-interacting fields
require an extreme fine-tuning of their self-coupling; if
the fields are excited towards the end of inflation through
a non-minimal gravitational coupling, the inflaton poten-
tial must provide the origin of the cosmological pertur-
bation, while the non-minimal coupling must be tuned
to |1 − 6ξ| . 1. There seems not to be any particular
reason to expect that hundreds of field species should
exist during inflation with their coupling appropriately
tuned to avoid spoiling the cosmological perturbation,
with the only purpose that the amount of energy stored
in the radiation component at the end of inflation can
be enhanced (linearly in the number of fields). Invok-
ing such a seemingly carefully-engineered case does not
seem very appealing, reinforcing that δ ≤ 1 is a canon-
ical range, whereas δ  1 requires rather unmotivated
ad− hoc constructions.
III. THE PROBLEM WITH GRAVITATIONAL
REHEATING
We will assume from now on that cosmologically vi-
able scenarios of gravitational reheating exist, satisfying
points 1) − 4) from Sect. II C, without entering into the
details of their particle physics implementation. A grav-
itational reheating scenario can then be characterized by
three parameters: δ, controlling the initial ratio of the
energy densities of radiation to the inflaton; H∗, corre-
sponding to the Hubble rate at the end of inflation; and
w¯, representing the averaged EoS in the stiff epoch follow-
ing inflation. The inflationary Hubble rate is constrained
as H∗ ≤ Hmax, whereas the typical values of the remain-
ing two parameters lie in the range 0.57 . wRD ≤ w¯ < 1,
and δ ≤ 1.
7In this section, we will show that any gravitational
reheating scenario with δ lying within its natural range
δ ≤ 1 is actually inconsistent. The inconsistency arises
mainly due to the need to preserve the success of BBN,
particularly that the total energy density of extra rela-
tivistic species (which are not part of the SM) present
during BBN must not contribute significantly to the ex-
pansion rate of the Universe, or otherwise the resulting
light element abundances would be spoiled. Since GWs
are one type of such extra relativistic species, the energy
density of the stochastic background of GWs should be
smaller than the upper bound [39](
h2ρGW
ρc
)
0
=
∫
df
f
h2 ΩGW(f) ≤ 5.6× 10−6 ∆Nν ,
(20)
where ∆Nν parametrizes the extra amount of radiation
from beyond the SM dof3 [66]. As we will see soon, a
post-inflationary stiff epoch breaks the (quasi-)scale in-
variance of the GW background from inflation, induc-
ing a positive tilt in the high-frequency part of the spec-
trum corresponding to the modes that crossed the hori-
zon during the stiff epoch. The stiffer the EoS w¯, the
steeper the tilt. In what follows, we will show that there
is no choice of parameters {δ,H∗, w¯} within the natural
domains δ ≤ 1, H∗ ≤ Hmax, wRD ≤ w¯ < 1, for which
Eq. (20) is not violated.
A. Distortion of the inflationary GW background
due to the stiff period
Let us first of all recall that GWs are transverse
(∂ihij = 0 ) and traceless (hii = 0) metric perturba-
tions ds2 = a2(t)(−dt2 +(δij +hij)dxidxj). Their energy
density spectrum (at sub-horizon scales) is defined as [39]
ΩGW(t, k) ≡ 1
ρcrit
dρGW(t, k)
d ln k
=
k2
12a2(t)H2(t)
∆2h(t, k) ,
(21)
where ∆2h(t, k) is the tensor power spectrum at arbitrary
times, defined as〈
hij(t,x)h
ij(t,x)
〉 ≡ ∫ dk
k
∆2h(t, k) , (22)
with 〈...〉 denoting an average over a statistical ensemble.
In our case, we can factorize the tensor power spectrum
as
∆2h(t, k) ≡ Th(t, k)∆2h,inf(k) , (23)
3 The contribution from extra radiation during BBN or other
stages of the evolution of the universe is typically parametrized
in terms of an effective deviation ∆Nν from the number of SM
neutrino species Nν = 3. This is only a parametrization. The
extra radiation does not need to be neutrinos and can be either
bosonic or fermionic.
with Th(t, k) a transfer function and ∆
2
h,inf(k) the pri-
mordial tensor spectrum from inflation
∆2h,inf(k) '
2
pi2
(
Hinf(k)
mp
)2(
k
kp
)nt
, (24)
with nt a spectral tilt, kp a pivot scale of the order the
Hubble rate at the time of CMB decoupling, and Hinf(k)
the Hubble rate when the mode k exited the Hubble
radius during inflation. The upper bound Hmax intro-
duced in Sect. II actually applies only to the Hubble rate
Hinf(k), i.e. Hinf(k) ≤ Hmax, rather than to H∗, as we
already explained below Eq. (8). The spectrum is ex-
pected to be only slightly red-tilted in slow-roll inflation,
with the spectral index being ’slow-roll suppressed’ as
nt ' −2 ' −r0.002
8
, (25)
where r0.002 ≡ ∆2h/∆2R is the tensor-to-scalar ratio eval-
uated at the scale kp, constrained by the most recent
analysis by the Planck collaboration as r0.002 ≤ 0.064 [1].
It is actually this bound that determines the upper
bound Hmax on the inflationary Hubble scale reported
in Eq. (8). Given this bound, we see that the infla-
tionary spectrum has a very small red-titled spectral in-
dex −nt ≤ 0.008  1, which makes the spectrum very
close to exact scale-invariance, at least around the CMB
scales4. From now on, for simplicity of our discussion, we
will consider an exact scale-invariant inflationary spec-
trum, as this gives an excellent approximation. We will
comment on deviations from this assumption in Sect. IV.
Let us assume for a moment that, immediately after
inflation, the Universe became RD with equation of state
w = 1/3. The resulting present-day GW energy density
spectrum would then be scale-invariant for the frequency
range corresponding to the modes crossing the Hubble
radius during RD. Using Eqs. (21), (23), and (24) (with
nt = 0), we obtain
Ω
(0)
GW
∣∣∣
RD
' Ω
(0)
rad
12pi2
(
gs,0
gs,k
) 4
3
(
g∗,k
g∗,0
)(
Hinf(k)
mp
)2
' 2 · 10−16
(
H∗
Hmax
)2
, (26)
where in the first line we have introduced the RD transfer
function [67]
T (k) ' 1
2
(
ak
a0
)2
' 1
2
(
gs,0
gs,k
) 4
3
(
g∗,k
g∗,0
)
Ω
(0)
rad
(
a0H0
akHk
)2
,
(27)
4 For instance, with no running of the spectral index, the am-
plitude of the tensor spectrum would fall only by a factor
∼ (1025)−0.008 ∼ 0.6 during the ln(e60) ∼ 26 orders of mag-
nitude separating the CMB scales and the scale that matches
the Hubble radius at the end of inflation.
8where the prefactor 1/2 is due to oscillation-averaging
the tensor mode functions. In this way, we obtain
k2
a20H
2
0
T 2(k) ' 12
(
gs,0
gs,k
) 4
3
(
g∗,k
g∗,0
)
Ω
(0)
rad, where we have used
k = akHk. In the second line of Eq. (26) we have used
Ω
(0)
rad ' 9 · 10−5, Hinf ' H∗, gs,0 ' 3.91, g∗,0 = 3.36 and
gs,k ' g∗,k ' 100 [68].
Eq. (26) describes the amplitude of the scale-invariant
plateau of the inflationary GW energy density spectrum
today, corresponding to the modes that crossed the hori-
zon during RD. If prior to RD, there is a stiff period
with EoS w¯ > 1/3, as we have discussed previously for
the implementation of gravitational reheating, the result-
ing GW energy density spectrum will not remain scale-
invariant. The spectrum today will actually consist of
two parts: a blue-tilted high-frequency branch, corre-
sponding to the modes that crossed the horizon during
the stiff epoch [31], and a scale-invariant branch cor-
responding to the modes that crossed the horizon dur-
ing RD5. The rationale is very simple: during the post-
inflationary evolution of the universe, the tensor modes
excited during inflation [with spectrum Eq. (24)] are
frozen while they remain super-horizon. As the universe
expands, successive modes become sub-horizon, and sub-
sequently behave as GWs with amplitudes scaling as
hij ∝ 1/a. The energy density of the sub-horizon modes
then scales as dρGWd log k ∝ 1/a4, i.e. the scaling law of rela-
tivistic dof . Hence, the ratio of the GW energy density
spectrum to the inflationary background with EoS w¯, for
a fixed mode k, scales as 1ρInf
dρGW
d log k ∝ a3w¯−1, which is
a growing function for a stiff EoS w¯ > 1/3. As suc-
cessive modes cross the horizon, the spectrum becomes
1
ρInf
dρGW
d log k ∝ k2a2(tk) ∝ k2t2αk ∝ k2(1−α), where we have
used the fact that at horizon crossing k = akHk = αt
−1
k ,
with α defined below in Eq. (31) [c.f. Eq. (10)].
A detailed computation (see Appendix A) shows that
the GW energy density spectrum today is proportional to
Ω
(0)
GW
∣∣∣
RD
[c.f. Eq. (26)], modulated by a window function
W(f ; w¯) due to the stiff epoch,
Ω
(0)
GW(f) ' Ω(0)GW
∣∣∣
RD
×W(f ; w¯) . (28)
Defining the frequency of the mode crossing the horizon
at the onset of RD by the condition aRDHRD = kRD ≡
2piaofRD (we provide explicit expressions in the next sub-
section), one obtains thatW(f ; w¯) varies smoothly in the
frequency range around f = fRD, approaching asymptot-
5 There is yet another part of the spectrum, corresponding to
modes that crossed the Hubble radius after matter-radiation
equality, which behaves as ΩoGW ∝ 1/k2. Nevertheless, this cor-
responds to very small frequencies today f . 10−16 Hz. We
will not be concerned with such low frequency end of the spec-
trum, as it only affects the CMB and it cannot be probed by
direct-detection experiments.
ically unity at small frequencies f  fRD ,
W(f  fRD; w¯) −→ 1 , (29)
and behaving at large frequencies f  fRD like
W(f  fRD; w¯) −→ Aα
(
f
fRD
)2(1−α)
(30)
with
Aα ≡
Γ2(α+ 12 )
2(1−α)α2αΓ2( 32 )
, α ≡ 2
1 + 3w¯
. (31)
We note that the coefficient in Eq. (30) ranges as 1 <
Aα < 25/2/pi ' 1.8 for 1/3 < w¯ < 1. Therefore, the GW
energy density spectrum corresponding to modes crossing
the horizon during the stiff epoch grows with frequency.
For example, for w¯ ' 1 we obtain α ' 1/2, and hence the
high-frequency branch f  fRD of the spectrum grows
linearly6 with the frequency Ω
(0)
GW ∝ (f/fRD). Depend-
ing on the initial H∗, w¯, and fRD, the growing spectrum
may grow by a very large factor at a large frequency.
In the next section we will confront the amplitude of
the blue-tilted GW spectrum just found against upper
bounds on the presence of stochastic GW backgrounds.
Before we proceed, we introduce first some relations that
will prove useful for our analysis. In particular, relevant
ratios of scale factors are obtained as7
a∗
aRD
= ∆
α
2(1−α)
∗ =
(
HRD√
2H∗
) α
(1+α)
(32)
aRD
aBBN
=
(
gs,BBN
gs,RD
) 1
3
(
g∗,RD
g∗,BBN
) 1
4
(√
2HBBN
HRD
) 1
2
(33)
aRD
a0
=
(
gs,0
gs,RD
) 1
3
(
g∗,RD
g∗,0
) 1
4
(√
2H0
HRD
) 1
2
Ω
(0)
1
4
rad ,(34)
where the factors of
√
2 reflect the fact that we define
the onset of RD by the condition ∆(tRD) ≡ 1, which
implies that ρinf(tRD) = ρrad(tRD), and hence H
2
RD ≡
H2(tRD) ≡ 2× ρrad(tRD)3m2p . The Hubble rate at tRD and at
6 Strictly speaking, if the EoS is w = 1 identically, there is a loga-
rithmic correction in the GW spectrum [31], but as we explained
before, we never really take w = 1 exactly, and rather consider
values close to but somewhat smaller than unity.
7 We assume for simplicity that the number of dof in the radiation
sector does not change between the thermalization time tth and
the onset of RD at tRD > tth. Otherwise, Eq. (32) should pick
up in the rhs a factor (gs,RD/gs,th)
1/3(g∗,th/g∗,RD)1/4.
9the onset of BBN are then given by
H2RD = 2×
pi2
90
g∗,RD
T 4RD
m2p
=
2ρ∗∆∗
3m2p
(
a∗
aRD
)4
(35)
= 2H2∗∆
1+α
1−α∗ = 2H2∗
(
δ
300
) 1+α
1−α
(
H∗
mp
) 2(1+α)
1−α
,
H2BBN =
pi2
90
g∗,BBN
T 4BBN
m2p
' (2.5 · 10−25 GeV)2, (36)
where in the last equality we have used TBBN ' 10−3
GeV at the onset of BBN, and the effective thermal rela-
tivistic dof (accounting for photons and neutrinos of the
SM) is gBBN ' 3.36. We note that we are assuming that
TRD  TBBN, otherwise if the universe reheats just about
before the onset of BBN, at a temperature TRD & TBBN,
then Eq. (36) should pick up a factor 2 on the rhs, which
would cancel out the factor
√
2 in Eq. (33).
B. Incompatibility with upper bounds on
stochastic gravitational wave background
The first problem with gravitational reheating that we
immediately encounter, is that the energy density asso-
ciated to the tensor modes that first crossed the Hubble
radius after the onset of the stiff era is larger than the
energy density of the radiation component excited dur-
ing or towards the end of inflation. This can be easily
seen by computing the GW spectral energy density asso-
ciated to the highest frequency modes, k ∼ k∗ = a∗H∗,
as their contributions dominate the integration over all
the sub-horizon modes contributing to the total GW en-
ergy density. In particular, some time after such modes
have entered the horizon, say once they can be consid-
ered as propagating (hence oscillating) GWs, the ratio of
their logarithmic energy density spectrum to the critical
energy density, can be found as
ΩGW(t, k∗) ≡ 1
ρc(t)
dρGW
d log k
(t, k∗) =
k2∗∆
2
h(t, k∗)
12a2(t)H2(t)
' Aα
12pi2
(
H∗
mp
)2(
a(t)
a∗
)3w¯−1
(37)
where we have used the expression of ∆2h(t, k∗) from Ap-
pendix A, and H2(t) = H2∗ (a∗/a(t))
2(1+α)/α. Comparing
Eq. (37) with Eq. (9), we realize that they have not only
the same time-dependence (a/a∗)3w¯−1 = (a/a∗)2(1−α)/α
(as expected for the ratio of energy densities of relativis-
tic species to that of a stiff background), but also the
same Hubble scale dependence ∝ (H∗/mp)2. Hence, the
ratio between Eq. (37) and Eq. (9) is time- and scale-
independent,
ΩGW(t, k∗)
∆(t)
' 300 · Aα
12pi2δ
. (38)
We observe that for the canonical values δ ≤ 1,
ΩGW(t,k∗)
∆(t) > 1 , i.e. the energy density stored in the
high frequency modes of the GW spectrum is larger than
the energy density of the initial radiation component,
c.f. Eq. (9). Since the energy density of GWs scales as
radiation, it would remain to be the dominant radiation
component today, in clear conflict with the idea that the
radiation sector need to be become eventually dominated
by SM light species.
In fact, technically speaking, this already invalidates
the analysis of gravitational reheating done so far, be-
cause the universe would reheat at an earlier time than
inferred from Eq. (6), and the universe would enter into
RD with its energy budget dominated by GWs. There-
fore, Eq. (38) simply indicates that, for consistency, grav-
itational reheating could only be a viable scenario if δ is
larger than a critical value, which in this case is given by
δ  δc = 25
pi2
Aα ∼ 5 , (39)
in contradiction with the canonical range δ ≤ 1.
This leads into a similar but yet more severe prob-
lem with gravitational reheating: its incompatibility with
BBN. The GW bound in Eq. (20) applies on the total in-
tegrated GW energy density. However, except for GW
spectra with a very narrow peak of width ∆f  f , the
above bound can be interpreted as a direct bound on
the amplitude of a GW spectrum h2Ω
(0)
GW(f) . 5.6 ×
10−6∆Nν over a wide frequency range. This, of course,
only applies to GWs with wavelengths well inside the
horizon before the onset of BBN8. Hence, the bound in
Eq. (20) applies only to tensor modes that crossed the
horizon before the start of BBN, which correspond to
present-day frequencies f ≥ fBBN, with fBBN the fre-
quency corresponding to the (redshifted) horizon scale
at the onset of BBN,
fBBN ≡ 1
2pi
aBBN
aRD
aRD
a0
HBBN
GeV
× 1.52 · 1024 Hz
' 2.1 · 1011
(
gs,0
gs,RD
) 1
3
(
g∗,RD
g∗,0
) 1
4
Ω
(0)
1
4
rad
√
H0
Hz
HBBN
GeV
Hz
' 1.6× 10−11 Hz . (40)
In going to the last line, we have used H0 ' 67.8 ×
3.24 · 10−20 Hz, Ω(0)rad ' 9 · 10−5, and gs,0 ' 3.91, g∗,0 =
g∗,BBN ' 3.36. In order to respect the BBN bound from
Eq. (20), we need to demand that the high frequency part
of Eq. (28) satisfies
h2ΩGW(f  fRD) < 1.12× 10−6 , (41)
where we have used the most recent constraint on the
number of extra relativistic species ∆Nν . 0.2 at
8 Tensor modes with super-horizon wavelengths do not act as rela-
tivistic dof since they do not propagate as waves, so they do not
affect the expansion rate of the Universe at the onset of BBN.
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95% C.L. [69]. The condition given by Eq. (41) must
be satisfied for all frequencies fRD  f ≤ f∗, where
fRD =
1
2pi
aRD
a0
HRD
GeV
× 1.52 · 1024 Hz
' 2.3 · 1010
(
gs,0
gs,RD
) 1
3
(
g∗,RD
g∗,0
) 1
4
√
Ho
Hz
HRD
GeV
Hz
' 6.3 · 1010
(
gs,0
gs,RD
) 1
3
(
g∗,RD
g∗,0
) 1
4
∆
1+α
4(1−α)
∗
√
H∗
mp
Hz
' 5.7 · 1010
(
δ
300
) 1+α
4(1−α)
(
H∗
mp
) 1
1−α
Hz (42)
is the frequency today corresponding to the redshifted
horizon scale at the onset of RD. As expected, fRD de-
pends on H∗, w¯ and δ. The high-frequency end of the
spectrum, corresponding to the mode crossing the hori-
zon at the onset of the stiff epoch, a∗H∗ = k∗, can also
be obtained as
f∗ =
1
2pi
a∗
aRD
aRD
a0
H∗
GeV
× 1.52 · 1024 Hz
' 4.4 · 1010
(
gs,0
gs,RD
) 1
3
(
g∗,RD
g∗,0
) 1
4
(
H∗
mp
) 1
2
∆
− 14∗ Hz
' 1.7 · 1011 × δ−1/4 Hz . (43)
Remarkably, f∗ is independent of w¯ and H∗, and is only
(mildly) modulated by δ.
As fRD is completely determined once we specify the
values of {δ,H∗, w¯}, it is convenient for the following
analysis to consider alternatively {H∗, w¯, fRD} as the set
of independent variables. For specific values of the latter,
δ is univocally determined. Now, we would like to deter-
mine the regions in the parameter space {H∗, w¯, fRD}
where the BBN condition (41) is satisfied. In Fig. 2,
we show the 2-dimensional parameter regions satisfying
condition (41), while varying the third variable at dis-
crete values. We show the regions in the {w¯, fRD} plane
for different values of H∗ (top panel) and the regions in
the {w¯,H∗} plane for different values of fRD (bottom
panel). From the two panels we learn that for each pair
of {fRD, H∗} values, the EoS can only be smaller than
an upper bound wBBN(fRD, H∗), which satisfies the fol-
lowing properties: wBBN(f
(1)
RD, H∗) < wBBN(f
(2)
RD, H∗) for
f
(1)
RD < f
(2)
RD and wBBN(fRD, H
(1)
∗ ) > wBBN(fRD, H
(2)
∗ ) for
H
(1)
∗ < H
(2)
∗ . The upper bound w¯ ≤ wBBN(H∗, fRD) can
be obtained simply from the condition
h2Ω
(0)
GW
∣∣∣
RD
Aα
(
f∗
fRD
)2(1−α)
≤ 1.12× 10−6 . (44)
This simple inequality determines the top boundaries of
the regions depicted in Fig. 2., so the coloured areas be-
low such boundaries represent the parameter space com-
patible with the BBN bound (41).
From Eqs. (32) and (35) we obtain the ratio
f∗
fRD
=
a∗H∗
aRDHRD
=
1√
2
∆
− 1
2(1−α)
∗ , (45)
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FIG. 2: Colored regions represent the parameter space re-
gions compatible with the BBN constraint, Eq. (41). The
upper boundaries of these regions correspond to the function
wBBN(H∗, fRD). In the top panel we show the regions com-
patible with the BBN bound in the {w¯, fRD} plane for a set of
fixed values of H∗; the dotted line indicates the lowest value
of fRD for the Universe to reheat before the onset of BBN. In
the bottom panel we show analogous regions in the {w¯,H∗}
plane for a set of fixed values of fRD; the dotted line indicates
the current upper bound on H∗ from CMB.
which we can insert in Eq. (44), yielding(
gs,0
gs,k
) 4
3
(
g∗,k
g∗,0
)
h2Ω
(0)
rad
12pi2
(
H∗
mp
)2
2αAα
2∆∗
≤ 1.12× 10−6
(46)
where we have used Eq. (26). As according to Eq. (7),
∆∗ = (δ/300)(H∗/mp)2, we discover that in the above
condition the dependence on H∗ drops out. We arrive
therefore at the following condition: in order to respect
the BBN constraint (41), δ must be larger than a critical
value
δ ≥ δc ≡ 18.8 · 2αAα  1 . (47)
where we have used h2Ω
(0)
rad ' 4.2 · 10−5, and g∗,0 = 3.36,
gs,0 ' 3.91, g∗,k ' gs,k ' 100. The critical value δc
is a monotonous function of α. For an EoS just barely
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stiff, say w¯ & 1/3, we obtain δc ' 37.5, whereas for
w¯ ' 1, we obtain δc ' 48. In other words, we always
need δ & 40 − 50. This reinforces the conclusion that
GW reheating scenarios with the natural values δ ≤ 1
are ruled out.
The remarkable fact that the critical value δc in
Eq. (48) does not depend on H∗ stems from the fact
that the high frequency end of the GW energy spec-
trum ΩGW(t0, k∗), which determines whether the BBN
constraint is satisfied, is independent of H∗. This fol-
lows simply from Eq. (38), where it is manifest that the
energy density of GWs scales exactly as radiation, and
furthermore that both the tensor spectrum and the ini-
tial energy of the radiation sector exhibit the same de-
pendence on the Hubble scale ∝ (H∗/mp)2. Since by
construction ∆(t0) ≡ Ω(0)rad, we can obtain today’s GW
energy spectrum of the mode k∗ from Eq. (38), sim-
ply as ΩGW(k∗, t0) ∼ 25Aαpi2δ Ω(0)rad ∼ 5δΩ(0)rad. Therefore,
ΩGW(t0, k∗) depends only on δ and α. When we impose
the BBN bound we obtain a constraint on δ that depends
only mildly on α (as Aα changes only slightly with α).
This leads to a GW spectrum that always ends on the
same end point (modulo a mild dependence on α), inde-
pendently of H∗ and w¯, see the top panel of Fig. 3. Only
if we change δ, we can appreciate a change (linearly in-
verse with δ) in the amplitude of the high frequency point
of the GW spectrum, see the bottom panel of Fig. 3.
In Fig. 4, we show the region in the parameter space
{w¯, fRD} compatible with the BBN constraint for H∗ =
1013 GeV, i.e. w¯ ≤ wBBN(fRD, H∗ = 1013 GeV). In the
same figure, we also plot the corresponding values of w¯ as
a function of fRD for H∗ = 1013 GeV and the three values
of δ, namely δ = 0.01, 1, 48. As we can see, the curves
of w¯ as a function of fRD always lie above the coloured
region for the natural values δ ≤ 1. Since the critical
value δc in Eq. (48) does not depend on H∗, analogous
plots for different values of H∗ exhibit trajectories of w¯ as
a function of fRD lying always above the coloured regions
for δ ≤ 1, independently of H∗. Only if δ & 50, we can
then guarantee that the GW spectrum does not violate
the BBN constraint.
Taken at face value, with the current constraint ∆Nν .
0.2, the upper limit in the rhs of the BBN constraint
Eq. (41) corresponds to a situation where ∼ 90% of the
universe energy budget during RD correspond to photons
and neutrinos while the other ∼ 10% to gravitons, which
is still a significant fraction. Hence, it is more realistic
to demand that h2Ω
(0)
GW  10−6. For instance, simply
by considering that at the time of BBN the energy den-
sity of GWs does not represent more than say ∼ 1% of
the energy density of photons, the constraint becomes
h2Ω
(0)
GW . 10−7 today, which, via Eq. (48) easily cranks
up the minimum δ up to δc ∼ 500. The problem with this
reasoning is that there is no clear value below the rhs am-
plitude given in Eq. (41), to be used as an upper bound.
A more precise argument can be obtained however from
the Hubble rate at the time of CMB decoupling, as this
w=1 (Hmax)
w=0.8 (Hmax) w=1 (0.1Hmax)w=0.6 (Hmax)
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FIG. 3: Different plots of the GW energy density spectrum
today h2ΩGW(f). In the top figure we fix δ = 1, and plot
spectra for H∗ = Hmax and w¯ ' 1 (solid, red), w¯ = 0.8
(dotted-dashed, blue) and =¯0.6 (short-dashed, green), and
also for H∗ = 0.1 · Hmax and w¯ = 1 (long-dashed, purple).
In the bottom figure we fix H∗ = Hmax and w¯ ' 1, and plot
spectra for δ = 1 (red), δ = 0.1 (blue), and δ = 1 (purple).
In both top and bottom figures, we indicate by horizontal
lines the BBN (solid line) and CMB (dashed line) bounds on
stochastic GW backgrounds, whereas the vertical dashed line
indicates f∗ for δ = 1.
can be also used to infer an upper bound on extra radia-
tion components parametrized by ∆Nν [40, 41, 70]. This
translates to an upper bound on the amount of GWs,
which actually extends to a greater frequency range than
the BBN bound, down to f . 10−15 Hz [40]. From such
analysis, Ref. [39] estimates the constraint implied by
the Planck satellite (under the hypothesis of GWs with
homogeneous initial conditions) as h2Ω
(0)
GW . 2 · 10−7.
Substituting this value in the rhs of Eq. (46), the critical
value from Eq. (48) transforms to
δ ≥ δc ≡ 83.9 · 2αAα  1 . (48)
For an EoS w¯ ' 1, we obtain δc ' 213. In other
words, using the CMB constraint we conclude that we
need δ > δc ∼ 200 in order to have a consistent scheme.
This reinforces even further the idea that gravitational
reheating with natural values δ ≤ 1 is inconsistent.
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The critical value of δ in Eq. (48), derived from the
CMB constraint, is larger than those derived from the
BBN constraint and the need that GWs must not dom-
inate the radiation sector, simply because it is based on
the demand that ρGW/ρrad . O(0.01), whereas BBN
requires (given the current constraints on ∆Nν) that
ρGW/ρrad . O(0.1) and the need to have less GWs than
other radiation is equivalent to ρGW/ρrad . O(1). Thus,
the respective critical threshold in each case simply re-
sponds to the requisite that the GW background is not
larger than a given required fraction of the radiation
energy density. As the BBN/CMB constraints demand
larger thresholds of δ, we take those as a reference, and
conclude that we need δ & O(100) in order to avoid any
inconsistency with current observational bounds.
IV. DISCUSSION AND CONCLUSION
We have arrived at a striking result that whenever the
Universe reheats gravitationally (seemingly successfully)
at some temperature TRD > TBBN, the whole set-up is
inconsistent for the natural range of parameters: the en-
ergy density of the high-frequency end of the resulting
GW spectrum would simply be too large, violating vari-
ous bounds on the energy density of the GW background.
The consistency requirement to reheat into a radiation-
dominated Universe that is not dominated by GWs re-
quires δ & 5. The consistency requirement from BBN
requires a stronger constraint δ & 50, and finally the con-
sistency requirement from CMB requires an even more
stringent constraint δ & 200. This is in contradiction
with the canonical values δ . 1.
As we argued in Section II C, in order to have δ  1
some very special circumstance is needed. For instance,
if there were O(100) species present during inflation, by
adding up their energies we can reduce (linearly in the
number of fields) the otherwise too large ratio 1/∆∗  1
of the infltionary energy density to that of the initial radi-
ation . This allows the total energy of the radiation com-
ponent to be sufficiently large compared to the energy
stored in the GWs (once they cross the horizon during
the stiff era). By identifying δ ∝ N ∼ O(100) with the
number of species, we obtain ΩGW(k∗, t)/∆(t) ∼ 1/N ∼
O(10−2), so that there would be no conflict with any up-
per bound on stochastic GW backgrounds. The problem,
however, is that requiring the existence of said hundreds
of fields is contrived, as the coupling strengths of these
fields need to lie in very limited ranges. In particular, po-
tential candidates for such fields include self-interacting
field species with self-coupling tuned to λ ∼ 10−14. While
the choice of such coupling value is not necessarily a tun-
ing in itself, the presence of a large number, e.g. 300,
of fields, all with identically tuned coupling values, is
unlikely. Non-conformal non-minimally coupled scalar
fields with coupling to curvature |1 − 6ξ| ∼ 1 are also
viable candidates. We can also exclude the coupling val-
ues ξ ' 1/6 with |1 − 6ξ|  1, because then the initial
δ = 10-2δ = 1δ = 48
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0.4
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w
FIG. 4: The coloured region corresponds to w¯ ≤
wBBN(fRD, H∗), for H∗ = 1013 GeV. Also plotted are the
curves of w¯ as a function of fRD, for fixed H∗ = 1013 GeV,
and δ = 0.01, 1, 48 (dotted-dashed, solid and dashed lines, re-
spectively). The vertical dashed line marks fRD = fBBN. For
the canonical values δ ≤ 1, the curves of w¯ as a function of fRD
always lie above the coloured region, i.e. there is no solution
in the parameter space compatible with the constraint (41).
Only when δ  1, the GW spectrum may respect the BBN
bound. Since the critical value δ ≥ δc does not depend on H∗,
c.f. Eq. (48), analogous plots for different values of H∗ always
exhibit the same fact: in order to make the GW abundance
compatible with the BBN constraint we need δ & 40− 50.
energy ratio of inflaton to radiation would be enhanced
as 1/∆∗ ∝ 1/|1 − 6ξ|2, and hence the number of species
needed would increase as N & O(102)/|1− 6ξ|2. Thus, a
consistent gravitational reheating requires a very specific
setup: that there exist O(102) fields non-minimally cou-
pled to gravity but with non-conformal coupling in the
window |1− 6ξ| ∼ 1, which appears contrived. On top of
that, in this case the origin of the primordial curvature
perturbation must actually be provided by the inflation-
ary sector.
Some of the choices we made in deriving the bounds on
δ are on the conservative side, i.e. they yield less tension
with the observational bounds. Changes in the num-
ber of relativistic dof occurring in the stiff epoch does
not affect the expansion rate and so does not affect the
GW energy spectrum. To be on the conservative side,
we have assumed that significant changes in the rela-
tivistic dof occur in the radiation epoch. For instance,
if the QCD phase transition occurs during the stiff era
instead of in the radiation epoch, then it will not con-
tribute to lowering the GW energy spectrum, and the re-
sulting high-frequency part of the GW energy spectrum
would increase by roughly a factor of ∼ 2 compared to
the value we reported, hence increasing δc by the same
factor. Furthermore, the estimated energy density of a
non-minimally coupled field at the end of inflation as
∼ 0.01H4∗ , c.f. Eqs. (6) and (7), is actually an upper
bound, implicitly assuming that the transition from the
(quasi-) de Sitter inflationary to the following decelerat-
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ing regime occurs very rapidly (within less than a Hubble
time). That is a model dependent assumption which in
general does not need to be true. If the transition occurs
more gradually, the amount of initial energy in the radia-
tion component is further suppressed, effectively lowering
the prefactor in Eq. (7), which means that in general a
higher value of δ is needed.
In summary, even though – strictly speaking – there
are setups where one can achieve δ  1, they seem
artificial or ad-hoc. In general, if there is one species
(i.e. δ ≤ 1) excited during or towards the end of inflation,
then the ratio of the energy it acquires by the end of infla-
tion to the energy of the inflationary sector at that time,
is simply too small. Thus, even though there exist solu-
tions seemingly compatible with BBN (i.e. wRD ≤ w¯ < 1)
so that the universe reheats successfully at a sufficiently
large temperature, the amount of the enhanced GWs
from inflation is too large compared to the energy of the
radiation fields, making the whole set-up of gravitational
reheating inconsistent.
Possible ways to reduce the amount of tension include
considering a slight red-tilt in the inflationary GW spec-
trum. As noted below Eq. (25), the current upper bound
implies already that the tilt is so small that (in the ab-
sence of running) the GW spectrum decays only by a fac-
tor ∼ 0.6 when we compare the amplitude of the modes
leaving the Hubble radius at the end of inflation and ex-
iting the Hubble radius ∼50-60 e-folds before. Therefore,
this would only slightly alleviate the critical thresholds
derived above, reducing them by a factor δc → 0.6δc.
Yet, consistency of the CMB bound would still require,
roughly speaking, δ & 100. Of course, in realistic infla-
tionary models, typically the deviation from slow-roll be-
comes more noticeable towards the end of inflation, and
this is expected to induce a running in the tensor tilt.
This will reduce further the amplitude of the GW modes
in the high frequency end of the spectrum, but then it
becomes a model dependent computation. For standard
single field inflation monomial potentials, one typically
obtains a reduction of the spectral energy amplitude at
the highest frequency mode of the order of ∼ O(0.1). In
this case, this CMB constraint on stochastic GW back-
grounds would translate into δ & O(10). This of course
alleviates the tension as now only a reduced number of
fields with fine-tuned couplings are required. However,
as said, this is a model dependent consideration and, in
any case, it still requires an ad-hoc scenario with at least
dozens of fields having tuned couplings.
The cosmological implications of the problem just un-
covered with standard upper bounds on GW stochastic
backgrounds, implies that gravitational reheating is not
only an unnatural scenario, but also most likely an in-
consistent one. As gravitational reheating is the only
currently known manner to reheat the universe with-
out invoking direct couplings of the inflationary sector
to other matter fields, the inconsistency uncovered sug-
gests that the inflaton field must be necessarily coupled
to other fields species in order to transfer its energy into
the latter. Only then the early Universe can reheat ap-
propriately into the standard thermal era.
As a final remark, we also note that the inconsistency
just derived also diminishes significantly the motivation
for introducing in first place an early stiff period after
inflation. If the inflaton has direct couplings to other
species, there seems to be no motivation to require such
a stiff period. It is nonetheless possible to have setups
where the inflaton is coupled to other species which it will
eventually perturbatively decay into, or where the par-
ticle species are rapidly excited, a la instant preheating,
during a stiff period. The inconsistency uncovered in our
work does not rule out, therefore, the existence of a stiff
period after inflation. However, it certainly reduces sig-
nificantly the motivation for it. The same logic applies as
well to the blue tilted GW background expected due to a
stiff era. The boost of the spectral amplitude at the high
frequency end of the inflationary GW spectrum makes
this signal one of very few from the early Universe that
could potentially be observed by direct detection GW ex-
periments [24, 31–39]. Our result suggests however the
contrary: given that gravitational reheating is mostly in-
consistent and hence there is less motivation to expect
a stiff era, the inflationary GW background then most
likely remains as a (quasi-)scale invariant background,
with an amplitude too small to be observed by direct
detection experiments such as LIGO or LISA.
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Appendix A: High-frequency behaviour of the GW
energy spectrum in the presence of a stiff epoch
In order to derive the GW energy spectrum, we need
to solve for the evolution of the tensor perturbation
hij . For that purpose, it is convenient to Fourier- and
polarization-mode decompose the tensor perturbation as
follows
hij(t,x) =
∑
λ
∫
d3k
(2pi)3
hλk(t)e
ik.xλij(k) , (A1)
where λij(k) are the polarization tensors and λ stands
for + or × polarization states. In what follows, we will
assume that the GW spectrum is unpolarized
〈|h+k |〉 =〈|h+k |〉 and isotropic hλk = hλk , with k ≡ |k|. Hence, we
will drop the polarization indices λ and simply write the
tensor mode function as hk, which is related to the GW
power spectrum as
∆2h(t, k) =
k3
2pi2
4
〈|hk(t)|2〉 . (A2)
Deep inside the stiff epoch when the EoS w¯ is essentially
constant, and in the absence of anisotropic stress-tensor
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perturbation, hk obeys the equation of motion
h′′k +
2α
t
h′k + k
2hk = 0 , (A3)
where primes denote derivatives with respect to the con-
formal time t. The solution to the above equation for
modes that cross the horizon during the stiff epoch is
[67]
hkkRD(t < tRD) = Γ
(
α+
1
2
)(
2
kt
)α− 12
Jα− 12 (kt)h
inf
k ,
(A4)
where Jν(x) is the Bessel function of the first kind. This
solution is obtained by imposing the boundary condition
that the mode function must match with the value pre-
dicted by inflation hinfk in the superhorizon limit kt  1
(plugging hinfk into Eq. (A2) gives us ∆
2
h,inf(k) introduced
in Eq. (24)).
The oscillation-average of the square of the sub-horizon
limit of Eq. (A4) is
|hkkRD(t < tRD)|2 =
Γ2
(
α+ 12
)
2pi
(
2
kt
)2α
|hinfk |2 . (A5)
Combining Eq. (33) and the t  (a∗H∗)−1 limit of
Eq. (10) , we get
a(t) =
(
1√
2α
)α
kαRDaRDt
α, (a∗H∗)−1  t tRD
(A6)
where we have also used kRD = aRDHRD in the process.
The above relation, with the aid of kRD/k = fRD/f(k),
allows us to rewrite Eq. (A5) as
|hkkRD(a)|2 =
Γ2
(
α+ 12
)
2pi
(√
2fRD
αf(k)
)2α (aRD
a
)2
|hinfk |2 .
(A7)
Since sub-horizon tensor perturbations scale as hk ∝ a−1,
the above expression, though obtained by solving the GW
equation of motion in the stiff epoch, is also valid in all
the subsequent epochs. Plugging the above equation into
Eq. (A2) and using Eq. (24), we find
∆2h (t, f  fRD) =
Γ2
(
α+ 12
)
pi3
(
2
α2
)α(
aRD
a(t)
)2
×
(
fRD
f
)2α(
H∗
mp
)2
, (A8)
which can then be inserted into Eq. (21) to give us the
high-frequency part of the present-day the GW energy
spectrum corresponding to modes that cross the horizon
during the stiff epoch
ΩGW (t0, f  fRD) =
Γ2
(
α+ 12
)
6pi3
(
2
α2
)α
Ω
(0)
rad
(
gs,0
gs,k(f)
) 4
3
×
(
g∗,k(f)
g∗,0
)(
f
fRD
)2−2α(
H∗
mp
)2
.
(A9)
In arriving at the above form, we used Eqs. (34), kRD/k =
fRD/f(k), and kRD = aRDHRD. The scale-invariant part
of the GW energy spectrum corresponding the modes
that cross the horizon during the RD epoch can be ob-
tained by setting α = 1/2, i.e. w¯ = 1/3, which amounts
to considering the standard cosmological scenario with-
out a stiff epoch. Doing so gives us Eq. (26). We can
then rewrite Eq. (A9) as
ΩGW (t0, f  fRD) =
Ω
(0)
GW
∣∣∣
RD
Γ2(α+ 12 )
2(1−α)α2αΓ2( 32 )
(
f
fRD
)2−2α
.
(A10)
Note that Γ(3/2) =
√
pi/2.
In this derivation we have assumed that the transition
from the stiff to radiation epoch occurs smoothly due
to the difference in the scaling law of the energy den-
sity of radiation (∝ a−4) and stiff fluid ∝ a−3(1+w). The
full GW energy spectrum in this case cannot be solved
analytically, but we have managed to extract the high-
frequency behaviour of the spectrum corresponding to
modes that cross the horizon long (a few Hubble times)
before the RD epoch begins. For the sake of solubility, it
is often assumed in the literature that the stiff-radiation
transition happens instantaneously, i.e. much faster than
the Hubble time at the moment of transition. The GW
energy density obtained here is smaller by a factor of
21−α, which ranges from 1 (if w¯ = 1/3) to 21/2 (if w¯ = 1),
compared to that obtained in the instantaneous transi-
tion case.
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